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ri‘:u |
El—=-=
zf,\ -

wx” + A x— M,

Integrating in x, we have

dy 1 . s
ElI =El—=——ux'+=A1" - M,z + C,
dlx 5 &
| R S| . ,
Ely = = Y wx” + a,\.‘\"— E,\I-‘r‘ + Cix + 0

Referring to the boundary conditions indicated in Fig. 9.24, we make
x=0,0=0inEq.(940).x =0,y = 0in Eq. (9.41), and conclude that
Cy = C; = 0. Thus, we rewrite Eq. (9.41) as follows:

El y = — zux' + é.{.{ e (9.42)

But the third boundary condition requires that y = 0 forx = L. Carrving
these values into (9.42), we write

0=—guwl®+ AL — ML

or

3M, - AL+ wl’*=0 (9.43)

Solving this equation simultaneously with the three equilibrium equations
(9.38), we obtain the reactions at the supports:

lJlL = () ‘_\f" — %[(_'L \{\ = é-“.Li B _ %H_'IJ
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Spring Foree. The restoring spring force !—' \ and | F;p )2 can be determined using
the spring formula,
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F,, = kx,where x| = 7 L6 and x; = 7 L#, Fig. b. Thus,
(Fop)i = kx —Fc(gtﬁ'\—;kf_ﬁ (Fepla = kxy = (lf_ﬁ'\)—lﬂ_ﬁ
| ip /LT L= .3 ) - 3 \spj2 = X = 3 ) - 3

Critical Buckling Load. When the mechanism is on the verge of buckling the
disturbing force £ must be equal to the restoring force of the spring F_. Thus,
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Bending Moment. Using the tree body shov
Wink™ Yy
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“EMp=0:  Rg - )3-M=0
a2y L

!

Differential Equation of the Elastic Curve. W

Nwoting that the flexural rigidity EI is constant, we

di . ! " wox!
ke de kb EHJHI YV

Lo oo W - o
6 % 1201 g

Bnunu’nr}f Conditions. The three boundary

Ely

satisfied are shown on the sketch

:1-=Ij‘!l|.:[]:- r':zli

B - . o oL’ : -
A - x X5 L, if = U] . R,L° - :.-"fl + G+ L=

a. Reaction at A, Multiplving Eq. (4 by L. su
b member from the equation obtained, and noting
sH " = sl = 0
We note that the reaction is independent of E and 1
mrko Eu: i4: we have
deoL)LE = ol +C, =0 G,

b. Equation of the

e

ot

.. .
astic Curve., Snbsht

into Eq. {21, we have

L
—_—

c. Slope at A. \\e differentiate the above eq

. T
Making ¥ = {), we have H, = =

- [20E]
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Points

X3 (6x,~Tay) = (= 6OMPa - 3C MPa)
Y:(GJJ T»_-,)’(—WHP&_, 35 MPa)
C: (e, 0) 7 (-50HPa, O)
tan R = 7E S B 3.500
8 = M™.08°

O, = - 38 = -51.03

ol= 180"~ £ = 105.95°

0, = Fd = §2.97° -

R [ e < {1 aE = 34 MPa
G = 6u-R = -S0-36.4 = -8.4 MPa
Sy = Ba+R 7 =50436.4 * =136 MPa

Oy = G+ 45° = T.97°

QE = en t qs-u = 97 'T?a
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$F,=0 +1 Ry+Rp-T7200=0 Al
IMy=0 ~(3 My~ Rg(12)-7200(6) =0 (b]

Because there are three support reactions (Ry, Rg, and M) but only two in-
dependent equilibrium equations, the degree of static indeterminacy is one.

Compatibility A third equation containing the support reactions is obtained by an-
alyzing the deformation of the beam. We start with the expression for the bending
moment, obtainable from the free-body diagram in Fig. (c):

Miss—Mp+ Rir= 6{10.1((%) Ib- ft

Substituting M into the differential equation for the elastic curve and integrating
twice, we get

EI" = =M, + Ryx - 300x* b ft

2
ER' = ~Max+ Re%— 100x + Gy Io-fi*

X: X3 4 q
Eh= —_WA 5 + Ry ? =25 + Ci-‘f o CQ Ib- fr‘i

Since there are three support reactions, we also have three support constraints, Ap-
plying these constraints to the elastic curve, shown by the dashed line in Fig. (b), we
gel

1. ¢'|,_; = 0 (no rotation at 4) Ci=0
2.ty =0(nodeflectionat 4) Gy =0
3. t/,.; =0 (no deflection at B)

(127, . (12

4
-”.IT'F R_{T— 25([2] =)

3

The solution of Egs. (a)-(c) is

M;=108001b-ft R,=45001b  Rg=27001b

Ansiwer
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M, =60kN.m S0

) Dividing by the flexural rigidity EI the values obtained for M, we

B draw the (M/EI) diagram (Fig 9.46) and mmpute the areas mr:\evpnnd—

80 kN - m ing respectively to the segments AD and DB, assigning a positive sign to
the area located above the x axs, and a negative sign to the area located
below that axis. Using the first moment-area theorem, we write

gy =03 — 8, =areafromAtoB = A, + 4,
= —{12m)6 X 107 m™") + {18 m)(9 X 107 m™)
==-36X107° +81x107°
= +45 % 107 rad

and, since 8, = 0,

B = +4.5 X 10 rad

Using now the second moment-area theorem, we write that the
tangential deviation t5;, is equal to the first moment about a vertical axis
through B of the total area between A and B. Expressing the moment of
each partial area as the product of that area and of the distance from its
centroid to the axis through B, we have

+9x 107w tan = Ay(2.6 m) + Ax(0.6 m)
= (=36 X 107%)(26 m) + (8.1 X 107%)(0.6 m)
= =036 mm + 4.86 mm = =450 mm

Since the reference tangent at A is horizontal, the deflection at B is equal
to tg;4 and we have

yg = tgy = —=4.50 mm

The deflected beam has been sketched in Fig, 9.47.
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= 15588 X 10" % m*

F = 15588 X 107" n = 11695 mm

The value of the normal stress is

P 200 kN

A (0.11695 m)”
Since this value is larger than the allowable stress, the dimension obtained
is not acceptable, and we must select the cross section on the basis of its
resistance to compression. We write

P 200 kN

A= i T 16.67 X 107" m"~

a = 16.67 X 107% m? g = 129.1 mm

A 130 X 130-mm cross section is am_-ep’rah]r.—?.
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U = UﬁB + Ug; + UC'D

Bj CM'halPCn.mo\A theove w., 5= _3_5

% P%l.,.ﬂe.. RIS
I vl PR
M=(P+aly 2l -y Set Q=0 M=Py

L 2
Um"i%

Wi _ (MM, " Ay =P
: =) Ersay T_;Ef,(o:?"’!f T BEr

Se¢t Q=0 ™M= P=n

Member CO M= Qy %—3: 2 Sd @=0 M-=0
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A = 180 e ¢ EAd= 90 mm

Tersranm - Co= 90 mam C.L= Qo+ 12 = |OZ mm

=1
J= B(c!-c') - ce.q68fc’vm’ = CE.968 %0 " w'

Te {120 )1og-10%) |

T= [8.277 HMPa

J 6. 968 = jO07*F
{ 2 A
Pressore © G, = _%f s ‘2—3%19—\! = ge MFPa G, % = 3o MPFa
Eumrﬂd!‘“’}r ,::.‘;F‘ <tresses G, = 66 MPa S GJT 20 MPa , ”E‘:j= 18.277 MPa
20 Mba
- '_1_» g 2T P T "' {(HPa?
v—l~ I—o EoMPe Ve
] s
T )
]
6“‘._ = i(E’(*‘E\j -‘] = 45 Hpﬁ. E
o -
R - J{E'é"gl }"i ITJJL = .af?)ﬂ‘* HP&_
\
Sq'. = 6_“"‘? * GB.E€Y MPa \
.
Ep = Owe -R = 2136 MPa . P
T~ -
G. = © —
€. = GB.6Y MPa -

| E-ﬂ:-\ = o

'& (G - €. ) = 34.32 MPa -
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WE WTIie

t moment-arei

= A, +A- A, == - - =
) 2B 4E] 4E1
- 3Pa?

I A,

EOrer
£ & 3 i f ‘:l
Al =)+ Al —a |+ Ay &
3 3 ) LS
( Pa’ \ 24 ‘ Pi*\ 4a [ 3Pa\ 3
. 2E1S 3 4EI/ 3\ 4ET

| Fa

I Pa

| 3Pa

2 aFr"

theorem,
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Pa
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Using the given factor of safety, we
make
P, = 250100 kN) = 250 kN L=2m E = 13 GFa
in Enlers formmnla (1011} and solve for I We have

"'[;I..I'JT—:. (250 = J_I:-il-:' :\“'“2 i _7

I = 7.794 % 107 % m*

Fu bw L 1
w E 7113 X 107 Pa)
. . ., 1 4 ,
Recalling that, for a square of side a, we have I = a'/12, we write
al

|

= T T4 % 107" m? a = 983 mm = 100 mm

()

We check the value of the normal stress in the column:
& 100 k™ )
=== = 10} MPa
A (0100 m )

Since o is smaller than the allowable stress. a 100 X 100-mm cross section
is aceeptable.
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(3
“ Fp ) PRsing Rl-ces@) R by

i
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i
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I
F]

: i';-%i (44 - 4 sin chllf -
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5,7 S 7 2.5 MPa

Torsloan® €, 7 225 mm
J = Ft-c") = u4ic aviof mm”

T = (&xjo*)(goo=15* } =

) C,= 228+ £ = 23}
= UHC . Gx0 "

R8500 N-m

_ Te | @seol(aateiat) _ _
L T ) HYE G wio s ~4 = ],292% /0 Pq_ =

1..292 MPa,
Transverst shear: 20 o poini

Bénu{fnj; I = '&J T Z2B.Y4G 0" &= 231?\10‘; .

At pomt b M= &0 W 2x 15070 T 7500 New
G = Mo _ (7502)(23! wfo™2) _

X } 12,45 =07 ° = 775 MPe
Totad Clpeas es (MP)

LE‘H&% todined: By = 2.5 ¢ 775 = 30.45 M0y

CLrﬂdh{\e—fﬂ-'&'{L&ﬂ E} T 45 pMpa

Shear Tey T 1.292 MPa
Guve ~ éfﬁws;‘i = 37.625 MPa
1/( ) = 7 487 HPa
S + K T 45,1 MPa —
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pr each of the loadings T and [, we now determine the slope and dellectio

it B by using the tahle ol Beam Deflections and Slopes in Appendic 13

wl i’

T (trm)r =
> =

_ s T T g ~ &E
A 3 )

w(L/2)" wk? {20 el
| i (Be)n = = s el = % = T r
- ) GEIL 48E] N SET 1E25E]

[ :‘.-:J:'liul. CB, the bendine moment Lo loading I is zeso anc this the

elastic curve is a straight line.

A -
a
ST red o L
. F Pgl = (Bl = + e = Lie i T 8l —
H E Ay Lo O 4 .‘3}_‘!. wEacl L el ALl - I |
b 1 w2
T 4 i =
el L= L I T
| ‘ i 128ET  48ET\ 2 AR4ET
| -
Slope oint B
|" L == L2 - teef el 1] 3
s 1 e i -
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| e I |
o Deflection at B
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(a) 11PL?/24E1 5. (b) 11PL>/36EI | .

¥

: e 200-kN Lo Solving again Eq. (10.11} for I, but
making now P, = 2.5(200) = 500 kN, we have

I =15588 % 107 % m*

ol

12 = 155588 x 107" = 11695 mm

The valie of the normal stress is
P 200 kN

o =-—=-= — = 14.62 MPa
A (0.11695 m )~

Since this value is larger than the allowable stress, the dimension obtained
is not acceptable, and we must select the cross section on the basis of its
resistance to compression. We write

\ P 200 kN 1667 % 105 m?

A= = = 16.6% 1
s T 12 MPa

a® = 16.67 X 107% m?> e = 1291 mm

A 130 X 130-mm cross section is elf_‘{_'f_—?l'.'l'l'il[}]f_—?.
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